Abstract. If (M, g) is a compact Riemannian surface then the integrals of L 2 (M )-normalized eigenfunctions e j over geodesic segments of fixed length are uniformly bounded. Also, if (M, g) has negative curvature and γ(t) is a geodesic parameterized by arc length, the measures e j (γ(t)) dt on R tend to zero in the sense of distributions as the eigenvalue λ j → ∞, and so integrals of eigenfunctions over periodic geodesics tend to zero as λ j → ∞. The assumption of negative curvature is necessary for the latter result.
General results.
If M is a compact hyperbolic surface Good [6] and Hejhal [7] , using Kuznecov formulae, showed that if γ is a periodic geodesic and ds is the associated arc length measure then (1.1) γ e λ ds ≤ C γ , with e λ denoting the L 2 -normalized eigenfunctions on M , i.e., −∆ g e λ = λ 2 e λ , and e λ L 2 (M) = 1.
This result was generalized by Zelditch [14] who showed, among many other things, that given any n-dimensional compact Riemannian manifold, one has uniform bounds for integrals of eigenfunctions over closed hypersurfaces.
1 Moreover, if λ j are the eigenvalues of −∆ g and a j (γ) denotes the integral in (1.1) with λ = λ j , then [14, Lemma 3.1] says that λj ≤λ |a j (γ)| 2 = c γ λ + O(1), which implies (1.1). Note that since, by the Weyl law #{j : λ j ≤ λ} ≈ λ 2 , Zelditch's formula says that most of the a j (γ) are much smaller than 1.
Reznikov [8] discussed this problem and, moreover, initiated work on the related problem of obtaining restriction estimates for geodesics. The sharp L 2 estimates for general Riemannian surfaces were obtained by Burq, Gérard and Tzvetkov [3] . If Π denotes the space of unit length geodesics in a two-dimensional compact Riemannian manifold, then one of the results in [3] is that we have bounds of the form
This estimate is sharp since it is saturated by the highest weight spherical harmonics on S 2 . Recently, improvements under the assumption of nonpositive curvature have been obtained by Sogge and Zelditch [13] and Chen and Sogge [4] . Work showing how these restriction estimates are related to L p (M ) estimates for eigenfunctions is in Bourgain [2] and Sogge [11] .
Returning to (1.1), note that the estimate cannot be improved when the compact hyperbolic surface M is replaced by the standard two-sphere S 2 or two-torus T 2 . For on S 2 zonal functions of even order saturate the bound, while for every periodic geodesic on T 2 one can find a sequence of eigenvalues λ j → ∞ and corresponding L 2 -normalized eigenfunctions e λj having the property that e λj ≡ 1 on γ.
We shall start by giving a quick proof of a result in [14] saying that we have the analog of (1.1) for all geodesic segments in any Riemannian surface. The proof will serve as a template for the improvements in the next section of the bounds in (1.1) for Riemannian surfaces of negative curvature which appear to be new.
Proof. Fix an even function ρ ∈ S(R) satisfying ρ(0) = 1 andρ(t) = 0, |t| ≥ 1/4, assuming, as we may, that the injectivity radius of (M, g) is ten or more. Then since ρ(λ − −∆ g ))e λ = e λ , in order to prove (1.2), it suffices to show that
Let γ(t), 0 ≤ t ≤ 1, be a parameterization of γ by arc length and
denote the kernel of the operator in (1.4). Here, {e j } is an orthonormal basis of eigenfunctions with eigenvalues {λ j }.
By Schwarz's inequality, we would have (1.4) if we could show that
By orthogonality, if χ(τ ) = (ρ(τ )) 2 , this is equivalent to showing that
Next, we note that the proof of [10, Lemma 5.1.3] shows that if d g denotes the Riemannian distance then we can write
where for every fixed j = 0, 1, 2, . . . we have the uniform bounds
To obtain (1.6)-(1.8), as in [10, §5.1] one uses Hörmander's parametrix for the half-wave operators e it √ −∆g , as well as the fact thatχ(t) = 0 for |t| > 1 and our assumption that the injectivity radius of (M, g) is ten or more.
Since d g (γ(t), γ(s)) = |t − s|, we conclude that we would have (1.5) if
Since this is a trivial consequence of (1.7) and (1.8), the proof is complete.
Reznikov in [8] and [9] also discusses the problem of integrals of eigenfunctions over geodesics circles in compact hyperbolic surfaces and obtains the analog of (1.1) for them. More general results were obtained earlier by Zelditch [14, Corollary 3.3] , and the proof of Theorem 1.1 can also be used to obtain these special cases of the latter:
) be a compact two-dimensional Riemannian manifold. Then if σ is a unit-length curve in M there is a constant C σ so that
Similar bounds with a uniform constant hold for small smooth perturbations of σ.
Improved results for negative curvature.
We conclude our note by showing that we can improve the bounds in (1.1) if we assume that the curvature of (M, g) is strictly negative. As noted before, this assumption is necessary since the corresponding result is false for the two-sphere and the two-torus. We shall now assume that γ(t), t ∈ R, is a geodesic in R parameterized by arc length, and our main result is the following Theorem 2.1. Let (M, g) be a negatively curved compact 2-dimensional Riemannian manifold. Then the measures {e j (γ(t)) dt} on R go to zero in the sense of distributions, by which we mean that if
Consequently, if γ per is a periodic geodesic of minimal period ℓ > 0, we have
The second part of the lemma follows from the first part via a partition of unity argument. The proof of (2.1) shares some similarities with the related L p (γ) restriction estimates for eigenfunctions of Sogge and Zelditch [13] and Chen and Sogge [4] . In particular, the oscillatory integral arguments and simple geometric facts that we shall employ are very similar to those in [4] .
To prove (2.1) we may assume that the injectivity radius of (M, g) is ten or more and that
]. Next, we notice that if, as before, ρ ∈ S(R) is even and satisfies ρ(0) = 1 andρ(t) = 0, |t| ≥ 1/4, then given T ≫ 1 we have ρ(T (λ − −∆ g )))e λ = e λ . As a result, in order to prove (2.1) it suffices to verify that if T ≫ 1 then
where C is independent of T ≫ 1, but not C T . Repeating the argument which showed how (1.5) implies (1.4), we conclude that if χ(τ ) = (ρ(τ )) 2 and
then we would have (2.2) if we could show that
Note that
If we pick a bump function β ∈ C ∞ 0 (R) satisfying β(τ ) = 1, |τ | ≤ 3, and β(τ ) = 0, |τ | ≥ 4, the proof of (1.5) shows that if Ψ T denotes the inverse Fourier transform of
Here, e iτ √ −∆g (x, y) = j e iτ λj e j (x)e j (y) denotes the kernel of the half-wave operator
Based on the preceding inequality, in order to prove (2.3), it suffices to show that
We shall need to use the fact that sinceχ = (2π) −1ρ * ρ, we have
which means that the τ integrand in the left side of (2.4) vanishes when |τ | ≥ T /4. We can make one more easy reduction. If Φ T denotes the inverse Fourier transform of
for any N = 1, 2, 3, . . . . Thus, by Euler's formula and (2.5), in order to prove (2.4), it suffices to show that (2.6)
Here (cos τ −∆ g )(x, y) is the kernel for the map
, where u(t, x) is the solution of the Cauchy problem with initial data (f, 0), i.e.
To be able to compute the integral in (2.6) we need to relate this wave kernel to the corresponding one in the universal cover for (M, g). Recall that by a theorem of Hadamard (see [5, Chapter 7] ) for every point P ∈ M , the exponential map at P , exp P : T P M → M is a covering map. We might as well take P = γ(0) to be the midpoint of the geodesic segment{γ(t) : |t| ≤ 1 2 }. If we identify T P M with R 2 , and let κ denote this exponential map then κ : R 2 → M is a covering map. We also will denote byg the metric on R 2 which is the pullback via κ of the the metric g on M . Also, let Γ denote the group of deck transformations, which are the diffeomorphisms α from R 2 to itself preserving κ, i.e., κ = κ • α. Next, let
be the Dirichlet domain for (R 2 ,g), where dg( · , · ) denotes the Riemannian distance function for R 2 corresponding to the metricg. We can then add to D Dir a subset of ∂D Dir = D Dir \Int (D Dir ) to obtain a natural fundamental domain D, which has the property that R 2 is the disjoint union of the α(D) as α ranges over Γ and {ỹ ∈ R 2 : dg(0,ỹ) < 10} ⊂ D since we are assuming that the injectivity radius of (M, g) is more than ten. It then follows that we can identify every point x ∈ M with the unique point x ∈ D having the property that κ(x) = x. Let alsoγ(t), |t| ≤ } is a line segment of unit length whose midpoint is the origin, and we shall denote just byγ the line through the origin containing this segment. Note thatγ then is a geodesic in R 2 for the metricg, and the Riemannian distance between two points onγ agrees with their Euclidean distance. Finally, if ∆g denotes the Laplace-Beltrami operator associated tog then since solutions of the Cauchy problem (2.7) correspond exactly to periodic (i.e. Γ-invariant) solutions of the corresponding Cauchy problem associated to ∂ 2 t − ∆g, we have the following important formula relating the wave kernel on (M, g) to the one for the universal cover (R 2 ,g):
The simple geometric facts that we require is in the following variation of [4, Lemma 3.2]:
Lemma 2.2. Letγ 1 (t) andγ 2 (s) be two distinct geodesics in (R 2 ,g) each parameterized by arc length. Put φ(t, s) = dg(γ 1 (t),γ 2 (s)).
Then if there is a point
and (2.10)
Proof. To prove (2.9) we first note that ifγ 1 (t 0 ) =γ 2 (s 0 ) then |∂ t φ(t 0 , s 0 )|+|∂ s φ(t 0 , s 0 )| = 0 if and only if the geodesic connecting the pointsγ 1 (t 0 ) andγ 2 (s 0 ) is perpendicular to bothγ 1 andγ 2 at the unique intersection points. Since (R 2 ,g) has negative curvature there cannot be another point (t 1 , s 1 ) ∈ R × R with this property. For if t 0 = t 1 and s 0 = s 1 the geodesic quadrilateral with verticesγ 1 (t 0 ),γ 1 (t 1 ),γ 2 (s 0 ) andγ 2 (s 1 ) would have total angle 2π, which is impossible due to the fact that (R 2 ,g) is negatively curved, and similarly if t 0 = t 1 but s 0 = s 1 then the geodesic triangle with verticesγ 1 (t 0 ),γ 2 (s 0 ) andγ 2 (s 1 ) would have total angle of more than π, which is also impossible.
To prove (2.10) we may assume that t 0 = 0 and work in geodesic normal coordinates vanishing at γ 1 (0) so that γ 1 is the x 1 -axis, i.e., γ 1 (t) = (t, 0). Then if γ 2 (s) = (x 1 (s), x 2 (s)) = (0, 0),
.
Our assumption that
∂φ ∂t (0, s 0 ) = 0 and γ 1 (0) = γ 2 (s 0 ) means that x 1 (s 0 ) = 0 and x 2 (s 0 ) = 0. In our coordinates the geodesic connecting (0, 0) = γ 1 (0) and γ 2 (s 0 ) is the x 2 -axis, and for it to be orthogonal to γ 2 at γ 2 (s 0 ), we must have x ′ 2 (s 0 ) = 0 and so
which is (2.10).
We also need the following simple stationary phase lemma.
Also, if there is a unique point (t 0 , s 0 ) ∈ supp a at which ∇ t,s φ(t 0 , s 0 ) = 0 and if
∂t∂s (t 0 , s 0 ) = 0 then given any ε > 0 there is a constant C ε so that (2.12)
Proof. The first assertion, (2.11), just follows via integration by parts. To prove (2.12) we assume that there is a (t 0 , s 0 ) ∈ supp a at which ∇φ vanishes but ∇φ(t, s) = 0, (t, s) ∈ supp a\{(t 0 , s 0 )} and ∂ t ∂ s φ(t 0 , s 0 ) = 0. We can split matters into two further cases: (i) ∂ To finish, it suffices to show that we have (2.12) under the assumption that ∇φ(t, s) = 0, (t, s) ∈ supp a\{(t 0 , s 0 )}, and ∂ 2 t φ(t 0 , s 0 ) = 0. If we let β be as above, it follows from (2.11) that given any fixed ε > 0, we have (2.13)
, it follows from one-dimensional stationary phase that for each fixed 0 ≤ s ≤ 1 we have
where C is independent of ε > 0 (cf. the proof of [10, Theorem 1. 1.1]) . This clearly implies that we have the uniform bounds |I(λ) − I 1 (λ)| ≤ Aελ
2 for all small ε > 0. By combining this inequality with (2.13) we deduce that (2.12) holds in this case as well, which finishes the proof.
To use Lemmas 2.2-2.3, we also require another result which is essentially Lemma 3.1 in [4] .
Then if α = Identity and we set
then we can write for |t|, |s| ≤ 1/2
where w(x, y) is a smooth bounded function on R 2 × R 2 and where for each j = 0, 1, 2, . . . there is a constant C j independent of T, λ ≥ 1 so that
and for a constant C T which is independent of γ, α and λ
We shall postpone the proof of this result until the end and use it now, along with Lemmas 2.2 and 2.3, to prove (2.6). Recall that (2.19) cos τ −∆g (x,ỹ) = 0 if dg(x,ỹ) > |τ |, and cos τ −∆g (x,ỹ) is smooth if dg(x, y) = |τ |.
Therefore since β(τ ) = 1 for |τ | ≤ 3 we have (1 − β(τ ))(cos τ ∆g)(γ(t),γ(s)) ∈ C ∞ if 0 ≤ s, t ≤ 1, and so
for any N = 1, 2, 3, . . . .
As a result, if we use (2.8), we conclude that we would have (2.6) if we could show that (2.20)
By (2.19) there are are only finitely many nonzero summands here (actually O(exp(cT )) ones). Consequently, we would have (2.20) if we could show that given ε > 0 and Identity = α ∈ Γ we have (2.21)
Note that sinceγ is a geodesic in (R 2 ,γ) and α is an isometry, it follows that α(γ) is also a geodesic. It is a geodesic which is different fromγ if α is not in the stabilizer subgroup of Γ of all deck transformations preservingγ. If our geodesic γ in (M, g) is not a periodic geodesic then the stabilizer subgroup is just the identity element. If γ is a periodic geodesic in M of minimal period ℓ > 0, then we must have ℓ ≥ 10, because of our assumption regarding the injectivity radius. In this case, every nontrivial element of the stabilizer group satisfies α(γ(s)) =γ(s + kℓ) for some k ∈ Z\0. By Lemma 2.4 for such a α with k = 0, modulo a term which is O α (λ −1 ) we have that the left side of (2.21) is equal to the sum over ± of To prove that we also have (2.21) for the remaining case where α ∈ Γ is not in the stabilizer group, by the above, it is enough to show that, if φ γ,α (t, s) is as in (2.15), then given ε > 0 there is a constant C α,ε so that
By Lemma 2.2 the phase function here either satisfies ∇ t,s φ γ,α = 0 on the support of the integrand, or there is a unique point (t 0 , s 0 ) in the support where ∇ t,s φ γ,α vanishes and at that point ∂φγ,α ∂t∂s (t 0 , s 0 ) = 0. In the former case by (2.11) the left side of (2.22) O α (λ −1 ), which is more than is required. In the latter case, we obtain the estimate from Lemma 2.3. Thus, we have established (2.22), which except for the proof of Lemma 2.4, completes the proof of Theorem 2.1.
Proof of Lemma 2.4. Since the injectivity radius of (M, g) is 10 or more, it follows that dg(γ(t), α(γ(s))) ≥ 10 if |t|, |s| ≤ 1/2. Also, as noted before, for each T , by Huygens principle, there are only finitely many terms in (2.14) that we must consider.
Next, let for x ∈ R 2 , |x| ≥ 1,
Also let Φ T (ξ) ∈ S(R) be defined by the Fourier transformΦ T (τ ) = β(τ )χ(τ /T ) and put
Recall that the Fourier transform of Lebesgue measure on the circle is of the form
where for every j = 0, 1, 2, . . . we have
Also dθ ∈ C ∞ (R). Therefore, if λ, T ≥ 1, modulo a term which is O((λ|ξ|) −N ) for any N independent of T , we have
where one easily sees that To use this we shall use the Hadamard parametrix (see [12] ). For x, y ∈ R 2 we can write cos τ ∆g (x, y) = (2π) −2 w(x, y) and where the leading coefficient w is smooth, nonnegative and satisfies w(x, y) ≤ C independent of x, y ∈ R 2 , by volume comparison theorems (see [1] , [13] ).
Clearly if we replace (cos τ ∆g)(γ(t), α(γ(s))) by R(τ,γ(t), α(γ(s))) in (2.14) we can integrate by parts in τ to see that the resulting expression satisfies the bounds in (2.18).
If we take x =γ(t) and y = α(γ(s)), |t|, |s| ≤ 1/2 for the first term in the right side of (2.26) and replace the cosine-transform kernel in (2.14) by this expression then we will exactly obtain (2π) 2 times w(γ(t), α(γ(s)))K 0 (φ γ,α (t, s)) − w(γ(t), α(γ(s)))K 1 (φ γ,α (t, s)), which can be taken as the first term in the right side of (2.16), with (2.17) being valid. Finally since (2.27) holds, the proof of this last assertion also shows that if in (2.14) we replace the cosine-transform kernel by the second term in the right side of (2.26) we obtain another term satisfying the bounds in (2.18) (in fact it is O T (λ −   3 2 )), which completes the proof.
